Abstract This paper is motivated by the modeling of blood flows through the beating myocardium, namely cardiac perfusion. As in other works, perfusion is modeled here as a flow through a poroelastic medium. The main contribution of this study is the derivation of a general poroelastic model valid for a nearly incompressible medium which experiences finite deformations. A numerical procedure is proposed to iteratively solve the porous flow and the nonlinear poroviscoelastic problems. Three-dimensional numerical experiments are presented to illustrate the model. The first test cases consist of typical poroelastic configurations: swelling and complete drainage. Finally, a simulation of cardiac perfusion is presented in an idealized left ventricle embedded with active fibers. Results show the complex temporal and spatial interactions of the muscle and blood, reproducing several key phenomena observed in cardiac perfusion.
Introduction
Despite recent advances on the anatomical description and measurements of the coronary tree -see e.g. [1, 2] -and on the corresponding physiological, physical and numerical modeling aspects -see e.g. [3] [4] [5] -the complete modeling and simulation of blood flows inside the coronaries from the arteries to the veins via the capillaries is still out of reach. Therefore, in order to model blood perfusion in the cardiac tissue, we must limit the description of the detailed flows at a given space scale, and simplify the modeling of the smaller scale flows by aggregating these phenomena into macroscopic quantities, by some kind of "homogenization" procedure. To that purpose, the modeling of the fluid-solid coupling within the framework of porous media appears appropriate.
Poromechanics is a simplified mixture theory where a complex fluid-structure interaction problem is replaced Send offprint requests to: I. Vignon-Clementel by a superposition of both components, each of them representing a fraction of the complete material at every point. It originally emerged in soils mechanics with the work of Terzaghi [6] , and Biot [7, 8] later gave a description of the mechanical behavior of a porous medium using an elastic formulation for the solid matrix, and Darcy's law for the fluid flow through the matrix. Finite strain poroelastic models have already been proposed [9] [10] [11] [12] , albeit with ad hoc formulations for which compatibility with thermodynamics laws and incompressibility conditions is not established. Poroelastic models have also been considered in the framework of fluid-structure interaction, e.g. to model blood vessel walls [13] , with some extensions including lipid (LDL) [14] and drug [15, 16] transport. Other formulations have been proposed with multiple fluid compartments -or a continuum of such compartments -coupled with each other and with the solid medium [17] [18] [19] , and with applications to the modeling of living tissues [20] , but of course such models are extremely difficult to validate with experimental evidence in practice.
In this article, we introduce a general poroelastic formulation valid for finite strains and compatible with incompressibility, as these two features are deemed to be important in the modeling of living tissues. We follow the strategy -presented in [21] in a linear framework -of deriving the formulation from an appropriate free energy functional, which is crucial to guarantee that fundamental thermodynamics principles are satisfied. We then propose a numerical procedure to solve the resulting system of equations and we illustrate the behavior of this poroelastic model by several numerical examples. In the fourth section, we particularize the illustration to cardiac perfusion phenomena.
Porous mechanics
In this section, we first introduce kinematical and conservation laws of the porous medium. Based on thermodynamics considerations we then develop the constitutive laws that characterize the solid phase, the fluid phase and their interaction.
Kinematical, conservation and balance laws
The saturated porous continuum consists of a solid part -referred to as the "skeleton" -and a fluid part that accounts for fractions φ 0 and φ of the combined volume in the reference and deformed configurations, respectively. Throughout this paper, the subscript "0" will be used to refer to the reference configuration. Let y be the displacement field of the skeleton as defined in a Lagrangian formulation, namely, given with respect to a fixed reference configuration. Then
is the deformation gradient and
are respectively the right Cauchy-Green deformation tensor and the Green-Lagrange strain tensor. Note that we have usedx as a subscript in the definition of F to emphasize that we are taking the gradient with respect to the reference configuration, namely, the Lagrangian gradient. We recall that the three classical strain invariants are then given by
while the reduced invariants are defined by
Denoting indifferently by a dot symbol or by d· dt the Lagrangian time derivatives -namely, obtained when following "solid particles" -geometrical considerations lead to
where
is the velocity of a solid particle. Note that the divergence is here considered in Eulerian form. Denoting by m the increase in fluid mass per unit volume of the reference configuration, a straightforward conservation argument gives
where ρ f is the fluid mass per unit of fluid volume. Furthermore, conservation of fluid mass is in Eulerian form:
with u f the velocity of a fluid particle, and s a general sink or source term. Combining the equations (1) and (4) with the definition of the perfusion velocity
and of the added mass m in (3), we obtain the general conservation of fluid mass in porous media
In addition, conservation of mass of the solid phase can be written as
We conclude this section with the balance of momentum of the porous medium written in Lagrangian form:
In the inertia term, we have neglected the discrepancy between the fluid and solid accelerations, and ρ 0 denotes the total mass per unit volume in the reference configuration, i.e.
Constitutive laws
In this section we propose some constitutive equations to adequately represent poromechanics in finite strain in a formulation compatible with the incompressible limit. Thermodynamics considerations [21, 22] entail the existence of a free energy Ψ = Ψ (e, m, T ), where T denotes the temperature. In the absence of internal dissipation we then have
where Σ denotes the second Piola-Kirchhoff stress tensor and g m (p, T ) the free enthalpy of the unit fluid mass, which characterizes the fluid constitutive behavior
where p is the pressure in the fluid -also called "interstitial pressure". The constitutive behavior of the poroelastic material is then entirely characterized by the choice of the functionals Ψ and g m . Assuming an isothermal regime, we propose to extend the linear theory of [21] by considering
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In the expression (10), W hyp denotes some hyperelastic potential to be chosen, M is the so-called Biot modulus and b a parameter characteristic of the skeleton. Note that the choice (11) directly implies with (9) that
namely, the fluid considered is incompressible. Concerning (10) the most straightforward extension of the linear theory would correspond to f (J) = 1, but we will see that this choice is in general incompatible with incompressible conditions, by which we now mean incompressibility of the fluid and the solid individually.
With the choices (10)- (11) the direct application of (8)- (9) then gives
Using (14) we can substitute m/ρ f 0 in (13) to obtain the alternative constitutive relation
In order to be consistent with incompressibility in this relation, the singularity arising from the hyperelastic stress in the incompressible limit -associated with a "large" bulk modulus -must be compensated by the second term in the right-hand side. Indeed, in the poroelastic material incompressibility does not induce constraints on the strains per se, as added fluid can change the apparent volume without violating the incompressible assumption. Hence, we need to adapt the expression of f (J) according to the specific hyperelastic potential considered. In particular, when using -as we will do in the rest of the paper -the modified Ciarlet-Geymonat expression (see [23] for the original formulation)
where nearly-incompressible materials are obtained by taking K large compared to κ 1 and κ 2 , we obtain
where we denote by W M R the Mooney-Rivlin type potential
In the form (17) we can easily see that a necessary and sufficient condition for canceling the singularity is to ensure
and have
remain finite when K grows large. This leads to
which is easily seen to be smooth around J = 1, and (17) gives
Note that, assuming that b remains finite, keeping κ s finite requires that M grows large when K does, which implies by (14) that we should have b(1 − J) + m/ρ f 0 = 0 in the incompressible limit, since the pressure should remain finite. Hence, it is easily seen that this implies b = 1 in the incompressible limit, in order to be compatible with the conservation relation (3) combined with the preservation of solid volume which entails by (6)
It is then interesting to rewrite the incompressible limit of (22), namely,
hence contracting by C/(3J) to obtain the volumetric part yields
since the Mooney-Rivlin part has no volumetric contribution, by construction. Then, in a stress-free configuration we have in the linearized small displacements framework
which shows that κ s can be interpreted as an elasticity modulus for the skeleton. Remark: As seen from (22), the constitutive law for the perfectly drained poroelastic material -corresponding to p = p 0 -reduces to
whereas in the undrained situation -namely, m = 0 -we have by (13)
Therefore, κ s also plays the role of the apparent bulk modulus of the drained material, which remains finite in the incompressible limit when K tends to infinity, since the drained poroelastic material can freely absorb or expel some fluid.
With the above poroelastic constitutive law, we may encounter some difficulties with the evolution of the porosity φ which is simply deduced from m and J by (3). This may -indeed -lead to the violation of the constraint 0 < φ < 1 which should always hold. Of course, in linearized poroelasticity these difficulties do not occur because it is assumed that m/ρ f 0 φ 0 and J ≈ 1. Here we can slightly modify the free energy (10) by considering
where the additional term will result in m/ρ f 0 + φ 0 > 0, hence φ > 0 by (3) . This leaves the constitutive equation (13) unchanged, while (14) is transformed into
This shows that p − p 0 can become arbitrarily large (in negative values) when m/ρ f 0 tends to −φ 0 from above, as desired. Note that we could also introduce a similar term to enforce φ < 1, but this is not needed when considering nearly-incompressible materials, since in the incompressible limit we have (23), hence 1 − φ > 0 is automatically satisfied. For simplicity, in the remainder of the paper, only equations without this additional term are derived.
Finally, the second principle of thermodynamics -the dissipation associated with the transport of fluid mass [21] -leads to the last equation needed to fully characterize the system, also known as Darcy's law:
System of equations
The conservation of mass (5) can be rewritten in terms of pressure using (14) . Removing intermediate variables, the system of equations characterizing the porous media dynamics follows from (7), (5), (31) and (14): Find y, w, p and m such that
s is related to y as defined in (2) . This system needs to be complemented by adequate boundary conditions that will be specified later.
Numerical procedure
In this section, we outline the numerical procedures used to discretize the poroelastic model presented above and to solve the resulting coupled fluid/solid finite-dimensional problems.
Poroelastic mechanics
We use a total Lagrangian description and denote byΩ the reference domain corresponding to the poroelastic medium. The usual principle of virtual work then reads
whereV denotes a suitable space of displacement test functions and d y e ·v the linearized strain variation corresponding to the test functionv, viz.
while P v represents some external pressure applied on a part of the boundary denoted byΓ which normal isν. Note that P v can also be an unknown quantity provided some adequate additional closure relations are given, such as in lumped models representing the blood in cardiac cavities [24] . Added fluid mass per unit volume m is assumed to be known when solving the equation (33) for the displacement field. In the second term of (33) the stress tensor is assumed to be given by the poroelastic constitutive relation (13) . Regarding spatial discretization, the displacement field is approximated using finite elements with linear shape functions. Time discretization of the above dynamical equation is performed by using the energy preserving Newmark scheme. Namely, for each time step inria-00542672, version 1 -22 Jun 2013 t = n∆t, we consider (33) at time (n + 1 2 )∆t with the following approximation rules for time derivatives
and we use for the stress tensor
We thus obtain -for each time step -a nonlinear system to be solved using a Newton-type procedure.
Fluid flow
The Darcy and conservation of mass equations in (32) lead to a typical porous flow system, but with non conventional coupling terms due to the compliance of the skeleton. We use an Eulerian description and denote by Ω the domain in the current configuration. Considering a given displacement of the poroelastic medium -associated with the change of volume J -and a given velocity u s , the weak form is then
where Q and V denote suitable spaces of pressure and velocity test functions, respectively, and ν the normal vector at a given point of the boundary surface Γ . p bc represents some boundary pressure applied on the part of the boundary denoted by Γ p . A flux condition w · ν = w bc is applied on the other part of the boundary Γ \Γ p . Regarding the finite element spatial discretization, the pressure is approximated with the elementwise constant finite elements (P 0) and the velocity field with Raviart-Thomas elements of order zero (RT 0), especially known for their good conservation properties (see [25] e.g.). This mixed fluid system is actually solved with a hybrid finite element approach, where the continuity of the fluxes between elements is enforced through a Lagrange multiplier. Time discretization of the pressure and the displacement (to compute u s ) is done using an implicit Euler scheme. Once the pressure and the displacement of the skeleton are known, m can then be computed using the algebraic relation (14) .
Coupling procedure
System (32) is solved through an accelerated fixed point algorithm. More precisely, the discrete counterpart of (3.
) ·v dΩ
k+1 , m
k+1 ·v) dΩ
Given y n+1 k+1
and p Steps 3 to 6 are repeated for iterations k = 0 . . . N it until convergence is reached at N it . The relaxation parameter ω k of the last step is computed with the Aitken method [26] . Note that when the porosity is constrained to be positive by penalization, the fluid system becomes nonlinear in p. It is then solved iteratively as above with a quasi-linear approach. Note also that we neglect m compared to ρ 0 in the inertia term.
Numerical tests
In this section we present two test problems to illustrate the behavior of this poroelastic model under large deformations: swelling and drainage of a cube. In addition to those given in the text, a list of all the parameters 1 used 1 See definition of viscosity parameter η in Section 4
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in these simulations is reported in Table 1 . In the swelling test, no external force is applied on the skeleton but a fluid pressure gradient is imposed between two opposite faces (see Figure 1) . For the skeleton, normal displacements are zero for the planes x = 0, y = 0 and z = 0. On the other faces P v = 0. For the fluid, there are neither sinks nor sources. The pressure p bc on the inlet face x = 0 increases from zero to a limit value of 1 kPa (p bc = 10 3 (1 − exp(−t 2 /0.25)) Pa). On the outlet face (x = 1 in the initial configuration), pressure is zero. A null flux condition is applied on the four other faces. As a consequence, fluid enters in the medium from the inlet face. Velocity increases as the inlet pressure rises. The cube swells like a sponge undergoing large deformation as shown in Figure 1 . When the inlet pressure has reached its limit value, a steady state takes place: the elastic forces are in equilibrium with the pressure increase due the added fluid. Although pressure decreases roughly linearly with x, the added fluid mass decreases nonlinearly (see the plots of p and m over time for three points across the cube in Figure 1 ). The perfusion velocity goes mainly in the x direction, but unlike for a purely Darcy flow, it is not homogeneous in space (see the arrows on the deformed cube).
By contrast, in the drainage test, an external pressure of the order of magnitude of the left ventricle pressure in systole P v = 10 kPa is gradually applied on all the faces of the cube (P v = 10 4 (1 − exp(−t 2 /0.04)) Pa). A null flux condition is applied on all the faces but the pores are connected to a pressure sink term s = −β(p − p sink ). Here β = 10 −4 s −1 Pa −1 and p sink = 0 Pa. As a result, the fluid is drained out of the sponge and the cube shrinks. If the external pressure is high enough to drain all the fluid, the penalization introduced in equation (30) prevents φ from being negative. The results thus show two different phases, as can be seen in Figure 2 . In the first phase, fluid is drained until the porosity is nearly zero, at which point m ≈ −φ 0 . In the second phase, the skeleton behaves as its solid component (we only see the compressibility effects through the bulk K). The theoretical steady state is thus given by the equilibrium of the volume terms in (13), i.e.
For the value of P v considered this gives J = 0.8604, and we obtain this value with the same precision in the numerical results. Note that in this test the physical quantities are homogeneous in space.
Application to cardiac perfusion
Cardiac perfusion is the flow of the blood through the myocardium. In the next section, some basic physiological notions are briefly recalled. Then we explain how the poroelastic model introduced above can be extended to describe the cardiac perfusion in a simplified manner.
Physiological description
Oxygen-rich blood coming from the lungs enters the left ventricle at low pressure. Subsequently the active contraction of the myocardium, depicted in paragraph 4.2, forces the blood into the aorta which then branches into many smaller arteries which run throughout the body. Some of these arteries, named coronaries, supply the myocardium with blood, and thus ensure its oxygenation. Constriction and dilation of the coronary arteries, governed primarily by local regulatory mechanisms, control the amount of blood through the myocardium. The blood carrying oxygen combined with hemoglobin goes from big coronaries to arterioles and finally to capillaries. The hemoglobin is then combined with carbon dioxide. Finally, venules and veins carry deoxygenated blood back to the right compartment of the heart. Unlike most of the organs, this flow of blood occurs in a very dynamic network of vessels, due to the beating of the heart.
Active tissue modeling
In our above discussions on poroelasticity we have considered a passive material. In order to represent the active behavior of the cardiac tissue with the contraction induced by electrical activation, we extend the approach described in [24] to incorporate the contribution of the porous flow.
e s , σ s e c , σ c e, Σ More specifically, we use the rheological model of Hill-Maxwell type shown in Figure 3 where the passive element denoted by E p behaves according to the poroelastic constitutive law (13) . We denote the corresponding poroelastic stress tensor by Σ p e, m , and we henceforth reserve the plain notation Σ for the complete stress tensor. The dashpot symbol attached to E p signifies that a viscous stress ηė is added to Σ p , with η a viscosity parameter corresponding to a simple Rayleigh damping. The active part of the behavior is represented by E c which obeys the active dynamic constitutive equation proposed in [27] -and further substantiated in [24, 28, 29] -which incorporates an input variable u representing the electrical activation -corresponding to a normalized concentration of calcium bound on the troponin-C -with u > 0 during contraction and u < 0 during active relaxation. The modeling of u is further discussed in [30, 31] . Finally, the series element E s is associated with a linear stress-strain law σ s = E s e s .
The detailed interpretation of the rheological schematic of Figure 3 is as in [24] . Namely, in the active branch the stress-strain law is one-dimensional along the fiber directions represented by the unit tangent vector n, and due to large strains we have the multiplicative composition rule
for e 1D defined as
Moreover, the equilibrium equation in this branch is given by
Finally, the complete expression of the 3D stress tensor reads
where "⊗" denotes tensorial product.
Fluid modeling
As recalled in Section 4.1, heart perfusion consists of a flow through coronary arteries, arterioles, capillaries, venules and veins. Several compartments could be modeled individually by a porous medium flow and coupled through exchange terms (see e.g. [20] ). Our experience with this kind of approach is that it can be extremely difficult to parametrize each compartment in order to get meaningful behaviors in realistic 3D configurations, in particular to avoid non-physiological backflows. In the present work, we use a single compartment poroviscoelastic model, which is supposed to only describe small arteries and capillaries. The venous network is modeled as a simple sink term in the porous flow equations. In future works, the porous compartment will be coupled to three dimensional models of large coronaries. But for the time being, the porous flow is assumed for simplicity to be fed by a distributed source term. Thus in the second equation of (32), the quantity s is defined by:
where β a , p a and β v , p v are given constants, respectively characterizing the small arteries and small veins compartments.
Numerical results
In this section, we present a simulation of the model described above on a three-dimensional analytical geometry that mimics the left ventricle. Fibers are embedded with an orientation that varies nonlinearly across the wall [24] . The activation of the muscle occurs during 0.25 s, after which the muscle relaxes so that the heart beat lasts 0.8 s. The contraction is such that the ejection fraction is normal (around 50%). The top part that would be attached to the atrium is constrained to zero displacement. On the epicardium, the effect of the pericardium is neglected and thus P v = 0. To investigate the effect of the contraction decoupled from the ventricular pressure, there is no valve in this model and the ventricle is unloaded (P v = 0 on the endocardium). On the fluid side, blood cannot enter into or leak from the ventricle (a null flux condition is applied on the whole boundary). Instead, blood enters in the myocardium from a distributed source with p a = 2.7 kPa which corresponds to a typical small artery pressure of 20 mmHg, and leaves through the venous side at a pressure of 10 mmHg modeled as a distributed sink with p v = 1.3 kPa. The pressure differential across the capillary bed is thus of 10 mmHg.
These values are consistent with literature data for the myocardium and skeletal muscles [32] [33] [34] . The inverse of the volume resistance to flow from the small arteries and into the small veins is 3 10 −5 Pa −1 s −1 , chosen so that the average flow rate for the whole myocardium corresponds to 4% of a normal cardiac output [35] . The blood porosity φ 0 is 0.15 [36, 37] , representing here the volume fraction of blood in the capillaries, which is ten times larger than the ones of the other small vessels [38] . The permeability K is isotropic and homogeneous with a scalar value of 2 10 −9 m 2 Pa −1 s −1 [39] . The simulation was run with a mesh of 15,000 elements and a time step of 5 ms. Periodicity of the solution was achieved after 3-4 cycles. The number of fixed-point iterations necessary to achieve convergence of a relative residual on the mass m of 10 −4 was typically 4, and up to 8 at the peak of the contraction.
The resulting time-averaged behavior is a system in which blood flows continuously from the small arteries into the capillaries, and from the capillaries into the small veins, at a flow rate of 4 mL s −1 , a mean pressure of 15 mmHg (2 kPa) and a muscle volume of 260 mL. Figure 4 shows the variation in time around this state. During contraction, the volume of the myocardium decreases, while it increases during relaxation. This phenomenon has been reported in [40] and references herein. The contraction of the fibers induces a rise of the pressure. As a consequence, the flow from the small arteries into the capillaries q a is considerably reduced -which corresponds to the so called flow impediment ( [3] and references herein) -and blood is squeezed out of the capillaries (lowering of m) into the small veins (rise of q v ). During relaxation, the opposite happens: m rises as q a increases and q v decreases, filling up the capacitance of the capillaries. The mainly systolic flow in the small arteries and mainly diastolic flow in the small veins are characteristic of the coronary network, and consistent with the measured velocities in small arteries and small veins in the left ventricle given in [38] .
Furthermore, as can be seen in Figure 5 , pressure and mass vary nonlinearly across the myocardium wall. During contraction, pressure, and consequently flows as well, is more affected by the contraction in the subendocardium than in the subepicardium. The model is thus able to reproduce the fact that flow impediment is known to be higher in the subendocardium than in the subepicardium [41, 38] . In addition, Figure 6 shows that the solution is heterogeneous in the different regions of the myocardium, which supports the choice of such a threedimensional model. During the cardiac cycle, the myocardium undergoes large deformations. The displacement of the apex between the relaxed and the contracted states is here of 2.4 cm, which corresponds to 24% of the initial length. Fig. 4 Variations over two cardiac cycles of the volume of the myocardium with the contraction (c) and relaxation (r) phases, the pressure averaged over the volume, the added blood mass averaged over the volume, and the flow rates that come from the small arteries (qa) and leave into the small veins (qv).
This simulation shows that key phenomena that characterize the cross-talk between myocardium and coronary flow are described by this model. However the former presents several limitations. The capacitance of the arteries and veins is neglected, as a consequence flow in the small arteries is negative during part of the contraction. Nevertheless, negative flows have been recorded in coronary arteries [38, 42] . Furthermore, the pressures in the small arteries and veins are taken constant in time and homogeneous. The pulsatility in the pressure at these levels is usually considered to be negligible [43] but these pressures are likely to be inhomogeneous. To improve the model, one could couple it with a distributed network of the larger arteries and veins. Homogeneous and constant inverse resistance parameters as well as a homogeneous reference porosity are chosen for simplicity. This is further motivated by the fact that their variations are a matter of debate [3] .
Conclusion
We have proposed a poroelastic model accounting for large strains and compatible with incompressible conditions. The modeling, numerical implementation and some verifications were presented in this article. A special emphasis was placed on the compatibility with thermodynamics principles. The model has displayed an excellent behavior when used in the verification tests characteristic of essential poroleastic phenomena with large displacements and strains, including when undergoing complete drainage of the fluid.
As far as cardiac perfusion is concerned, the major difficulty lies in the complexity of the physiological phenomena and the lack of sufficiently detailed mea- surements to validate the various modeling assumptions. Nevertheless, in spite of the relative simplicity of the model, the proposed numerical experiments have shown that important mechanisms of perfusion appear to be adequately captured. We therefore believe that this model can be viewed as a tool to investigate the mechanisms of cross-talk between the myocardium and coronary flow, taking into account both the stresses generated by the contraction as in this study, as well as the effect of the left ventricular pressure, which will be the object of future work.
The present study can be extended in many directions. For example: coupling of the porous flow with models representing the circulation in larger arteries; simulation of some characteristic pathologies, e.g. an infarcted area as reflected in a flow impediment combined with a decrease of local muscular contractility; modeling of the supply of the nutrients necessary for the cardiac muscle activity; validation and calibration with clinical data.
